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Linearized Motion of a Fin-Stabilized Projectile
Subjected to a Lateral Impulse

Bernard J. Guidos* and Gene R. Cooper'
U.S. Army Research Laboratory, Aberdeen Proving Ground, Maryland 21005-5066

An existing analytical theory for modeling the free-flight motion of nonspinning, statically stable projectiles
is extended to include the effect of a simple lateral impulse applied during flight. The extended theory is based
on the incorporation of generalized lateral translational and angular disturbances into the familiar equations
of projectile free-flight motion. The applied disturbances are then modeled using specified mathematical forms,
and the modified equations are solved to obtain the angular and translational motion of the projectile over the
trajectory. The various components of the translational motion of the projectile are extracted and characterized.
An idealized application is presented for a large-caliber finned projectile, representative of the class of 120-mm-
long rod finned projectiles fired from current tracked vehicle weapon systems, subjected to a single lateral control
impulse in flight. The closed-form analytical solutions are compared against results obtained using a numerical
trajectory simulation code that incorporates generalized guidance and control commands.

Nomenclature
A = reference area, md*/4, m?
Cra = derivative of aerodynamic lift force coefficient
with respect to angle of attack
Cy, = derivative of aerodynamic pitching moment coefficient
~ with respect to angle of attack
Cu = complex normalized applied moment coefficient
Cyi = complex normalized applied lateral force coefficient
d = reference diameter, m
dp = distance from c.g. to location of applied force,
negative if applied aft of c.g., m
F, = applied translational disturbance vector, N
F = complex applied translational disturbance, N
Fi = complex normalized applied translational impulse
g = gravitational constant, m/s?
h = Heaviside unit step function
I,J,K = Earth-fixed Cartesian coordinate system unit vectors
1, = transverse moment of inertia, kg - m?
i, j, k = nonrollingcoordinate system unit vectors aligned
~ with projectile velocity vector
JI = cgmplex normalized applied angular impulse quantity,
M;/K;
K;, = magnitude of jth complex modal arm in nth
~ interval, rad
Kin = jth complex reference modal arm in nth interval, rad
k, = normalized radius of gyration, caliber
M, = applied angular disturbance vector, N - m
M, = complex applied angular disturbance, N - m
M = complex normalized applied angular impulse
m = projectile mass, kg
r = complex lateral displacement, caliber
Ta = nonfluctuating complex lateral displacement
attributable to aerodynamic effects, caliber
Fr = complex lateral displacement attributable to all

aerodynamic effects, caliber
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Fr = complex lateral displacementattributable to trans-
lational component of applied disturbance, caliber

s = distance along flight path, caliber

t = time, s

Vv = magnitude of projectile velocity vector, m/s

\4 = projectile velocity vector, m/s

X, Y,Z = Earth-fixed coordinates, m

x,y,z = Earth-fixed coordinates normalized by projectile
reference diameter, caliber

X, 02 rolling body-fixed coordinate system unit vectors, m

o = pitch angle

B = yawangle

) = Dirac delta function

0 = complex angular deviation relative to gun muzzle

04 = nonfluctuating complex angular deviation attributable

. to aerodynamic effects

Or = complex angular deviation attributable to translational

. component of applied disturbance

& = complex angle of attack, o +ip

@jn = jthreference phase angle in nth interval

¢, = jthreference phase angle turning rate in nth interval

On = orientation of nth applied translational impulse

Superscripts

q = derivative of quantity g with respectto s

q* = normalization of quantity g by density factor,

pAd/(2m)

Introduction

ANY engineering problems in exterior ballistics require an
understandingof applied lateral disturbancesand their effect

on projectile motion. An important example is the guidance and
control of munitions, in which lateral course correction maneuvers
are applied to alter the trajectory of the flight body. Other examples
include yaw card impacts in small arms projectile testing,!> sabot
discard disturbances of tank-launchedlong-rod finned projectiles’
close proximity explosions meant to deflect projectiles; and im-
pingementof helicopterrotor downwash on tube-launchedrockets
Linearized motion of projectileshas long formed a basis for aero-
dynamics testing and analysis, addressing a projectile’s continuous
free-flight motion occurring in a single interval °~!° However, the
application of an impulsive lateral disturbance to a projectile in
free flight produces additional intervals of continuous motion to
be modeled, each having its own flight dynamics parameters. The
generalization of single-intervallinearized theory to include lateral
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impulsive disturbances and multiple intervals is a useful approach
for modeling the flight dynamics of such problems. Linearized pro-
jectile translationaland angular motion can be modeled using gener-
alized mathematical functions to represent the applied disturbances.
By incorporating these functions into the existing single-interval
linearized equations of free-flight motion, closed-form analytical
expressionsare produced that show straightforwardrelationshipsto
exist between the applied impulsive disturbances and the projectile
motion.

In the present work, two specific classes of generalized mathe-
matical functions are incorporatedinto a simplified set of linearized
equations of motion for symmetric, nonspinning, statically stable,
projectiles. The resulting closed-form expressions have the poten-
tial to reduce the computational overhead associated with projectile
motion control. The procedure also leads to a generalized frame-
work useful for analyzing observed projectile motion or designing
complex guidance and control maneuvers. An application is pre-
sented for an idealized large-caliber finned projectile subjected to a
single, simple in-flight lateral impulsive disturbance. The modeled
motion is compared to that obtained using a six-degree-of-freedom
numerical trajetory simulation code that has a guidance and control
capability.!!

Applied Force and Moment Disturbances

The coordinate systems of McCoy'? are adopted here and are
illustrated in Fig. 1. The (I, J, K) system is the Earth-fixed range
system, the (i, j, k) system is a nonrolling system aligned with the
velocity vector,and the (x, y, z) systemis a body-fixed system. When
only flat-fire trajectories are considered, the unit vectorj is usually
aligned to within 1 deg or less with the unit vector J, and the unit
vector k is usually aligned even closer with the unit vector K.

The projectile, in free-flight, is acted on by a lateral impulsive
disturbance. The disturbance can be separated into a translational
component, that is, a force, F and an angular component, that is, a
moment, M, both defined as functions of time. In range coordinates
and vector form they are

F=F@)=FJ+FK M
M =M() = MyJ + MzK 2)

in which the usual right-hand rule applies to the moment compo-
nents.

The forms of the lateral disturbances F and M are completely
general in actual projectile flight. The approach introduced here
specifies simple modeled forms of the disturbances that can be ex-
tended and used in more advanced applications to model actual,
more generalized, disturbances. Two basic mathematical forms of
applied impulsive disturbances are of interest here. The first is re-
ferred to here as a finite pulse disturbance, defined as a finite du-
ration, constant amplitude, unidirectional disturbance, having the
form

F, = Fi[cos¢J + sin ¢, K] 3)

in which the subscript 1 denotes one of any number of distur-
bances that could be modeled. The orientation of the applied lateral
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Fig. 2 Finite pulse disturbance.

disturbanceaboutthe X axisis ¢; andis constant,and the magnitude
is F)with the restriction

Fy=F () =Ci[h(t —t; + At) — h(t — 1))] “)

for t; — At; <t <t;, in which C,; is a real constant and h(t —t;)
is the Heaviside unit step function occurring at #;, as defined by
Lighthill.'? The form of F, is illustrated in Fig. 2. This form of
applied disturbance is referred to here as a finite pulse disturbance.
The disturbance creates two intervals and one subinterval, also il-
lustratedin Fig. 2, with which motion parameters will eventually be
associated. Concurrently, the disturbance can be described in terms
of distance along the flight path s as illustrated.

The second form of disturbance considered here one of infinites-
imal duration, referred to here as a singular disturbance. A specific
form of the finite pulse disturbance, the singular disturbance, is de-
fined here in the same manner as the finite pulse disturbancebut with
the additionalrestrictionsthat At; — 0 (or, concurrently, As; — 0),
whereas the modeled impulse remains constant. The singular dis-
turbance is an important form for representing actual disturbances
because it is mathematically simple and because it forms a building
block with which to model more complicated impulses and mo-
tions. The term singular as used here refers to the disturbance’s
infinitesimal duration and is not intended to denote the presence of
amathematical singularitythatdoes not, in fact, existin the modeled
problem.

The modeled force and moment disturbances are to be incor-
porated into the free-flight equations of motion that are presented
and solved by Murphy® and McCoy.!® The ensuing developmentre-
quires that the applied lateral force and moment disturbancesbe cast
in complex notation and that the following complex representations
are defined consistent with McCoy':

Fi=F +iF, 5)
M, =M, —iM, (6)
in which i is the square root of —1. The applied disturbances are

normalizedto form complex force and moment coefficients C ~y1and
Cy1, respectively:

Cxi = Cui(t) = Fi [ (3pV2A) @)

éMl = éMl(t) = Ml/(%PVZAd) (8)

The ensuing development also requires the formation of starred

quantities, obtained by multiplying the original quantity with the
density factor, that is,

Cry = [pAd/(2m)]Cy, ©)

Cin = [pAd /2m)ICy (10)

_The correspondingtranslationaland angularimpulses are _7-'T and

M7, respectively. They are complex constants found by integrating
the applied disturbances over their duration, that is,
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51
Fi= / 3, ds (11)

51— Asy
~ St ~
M =/ C:,, ds (12)
51— Asy

The integrations are performed with respect to flight path s. The
disturbancesbeginats; — As;, end ats;, and have a spatial duration
of As,. The appropriate transformation of the limits of integration
from time 7 to distance along the flight path s is applied.

The vertical and horizontal components of the translational im-
pulse 7, and F}, respectively,are defined in complex notation from

Fi=F +iF; (13)

The translational impulse can be written in polar form as

Fi = Flexp(igy) (14)

in which the magnitude is 7| and the orientationis ¢,. With the co-
ordinate system definitions as presented thus far, ¢, =0 deg corre-
spondsto a translationalimpulse orientedin the positive Y direction,
or upward.

The applied force vector associated with, for example, a lateral
pulse generator, is typically coplanar with and perpendicular to the
projectile axis. If the pitch and yaw angles are small, then the com-
ponentsof the force vector may be assumed to correspondto the hor-
izontal and vertical coordinate directions without additional trans-
formation. The applied force is prescribed to act on the body at an
axial distance d from the projectile c.g. The sign of dy is positive
for a case in which the force is applied forward of the c.g., for ex-
ample, near the nosetip. The relationship between the applied force
and moment is prescribed as

M, = Fid; (15)

By substitution into the expressions already introduced, the rela-
tionship between the applied force and moment impulses is found
to be

M= Frde[d (16)

The assumed relationshipbetween the applied force and moment
is convenientto satisfy the needs of the current work. More accurate
(and more complex) expressions to define the applied force and
moment disturbances can be used to refine the development of the
approach for specific applications. For example, the expressions
employed here, both in the analytical and numerical approaches,do
not model the jet-body interactions.

Angular Motion with Singular Disturbance

The complex yaw angle £ is defined relative to the flight path
(not relative to an Earth-fixed frame), consistent with the work of
McCoy,' thatis, & =« + if8. The pitch angle « is positive for nose
up and the yaw angle g is positive for nose right looking from the
rear of the projectile. The projectile is assumed to be symmetric,
nonspinning, statically stable, and in a relatively flat-fire trajectory.
The projectile is further assumed to have no rocket thrust. Pitch
damping, although important for certain applications, is presently
neglected to focus attention on the methodology.

Under these assumptions, the linearized free-flight equation of
angular motion with the inclusion of an applied force and moment
can be derived by following the step-by-step procedure as given by
McCoy!? for the original equation with no applied impulses. The
resulting equation of angular motion is

' —ME=Cyp [k - (Ch) (17)

in which the superscript prime denotes differentiation with re-
spect to the flight path s. The nondimensional radius of gyration
isk, = /[1,/(md?*)] and M = C3, /k?, in which C, is Cy, mul-
tiplied by the density factor. The term (Cy,,)" arises because the

complex angle of attack is defined relative to the velocity vector
rather than an Earth-fixed vector. The influence of this term can
be visualized when a force disturbance is applied at the c.g. of a
projectilehaving no angular motion, thus inducing nonzero angular
motion.

If the applied force and moment disturbances are modeled as
singular, then the equation of angular motion can be written as

E"— ME = J;8(s — 51) — F8'(s — s1) (18)

in which J; = M?/k? and the Dirac delta function,'” §(s —s;),
is used. The solution in the nth interval (here, n is either 0 or 1)
can be written in a form analogous to the free-flight cases given by
Murphy’ and McCoy,'? referred to here as modal form:

£ =K, ,exp(i¢;,)explig] (s —s0)]

+ Ky, exp(is ) explie; , (s — o)1 (19
in which the modal parameters are defined as follows: K ; , is the
magnitude of jth epicyclic modal arm (here, j is either 1 or 2) for
the nth interval, real and positive; ¢, , is the reference phase angle
of jth epicyclic modal arm for the nth interval, evaluated at s =,
and real; and ¢’ is the turning rate of jth epicyclic modal arm
for the nth interval and real. For zero spin, as is the case here, the
turning rates are related by ¢’ = ¢; , =—¢, , =—M.

The modal form of the solution is a parametric equation for an
ellipse representing the modeled motion and is illustrated in Fig. 3.
McCoy!? refers to this type of motion as epicyclic, presumably
in reference to the two terms on the right-hand side of the modal
equation representing two modal arms, or rotating vectors, in the
o, B complex plane. For one full cycle of motion, the summation
of the two vectors etches the image of an ellipse in the complex
plane. The eccentricity of the ellipse is determined by the relative
magnitudes and phases of the two modal arms.

The solution to the equation of angular motion yields the follow-
ing two conditions at s, for the complex angle of attack and its rate:

E(sf) =E&(sy) — 75 (20)
E(s)=&(sy)+ T3 @1)

Following the same procedureas Cooperand Fansler,” the reference
complex modal arms of the nth interval are defined as

Kin = Kinexp(idi,) (22)

ICZ.n = K2.n exp(i¢2.n) (23)

The reference complex modal arms in the two adjacentintervalsare
related by

Ial.l = I~C1.o - %[ij’f/([)’ + ﬁT] expl—i¢/'(s; —sp)] (24)
Kot = Koo+ %[ijgf/ﬂ - ﬁﬂ explig(si —s0)]  (25)

o P
e k1
o i

f 2nd Epicyclic
' N Modal Arm

J_/"; Ist Epicyclic
7 Modal Arm

Fig. 3 Illustration of zero-damping epicyclic motion for nonspinning,
fin-stabilized projectile.
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The relative contributionsto the angular motion from the applied
translationaland angular impulses can be ascertainedby comparing
the magnitudes of the terms (77 /¢") and F7. For the idealized pro-
jectile and lateral jet configuration to be presented subsequently, the
contribution from the angular disturbance is found to be approxi-
mately 80 times greater than the contribution from the translational
impulse. Therefore, it is prudent in the present work to ignore the
applied translationalimpulse contributionto the angular motion and
retain only the applied angular impulse contribution. The applied
translational impulse can be as important as the applied angular
impulse for cases in which the lateral jet is located closer to the
projectile c.g. and/or the magnitude of the translational impulse is
larger than in the presentillustrative case.

In the present work, the applied angular impulse is written in
complex polar form as follows:

J7 = Ji expli¢y) (26)
T = |73 | signidp) 27)

in which the orientation of the angular impulse is ¢,, as already
defined. The scalar constant 7}*, which can be positive or negative,
representsboth the magnitudeand sign of the angularimpulse within
the specified orientation. The term sign dy equals 1 for dr >0 and
—1 fordr <0. The relationshipbetween the modal arms in adjacent
intervals is then

K12.1 = K12.0+L71*2/4¢/2_(K1.0L71*/¢/) sin®; ; (28)

K2, = K20+ J7 [40 + (Koo T /) sindy,  (29)

in which
Dy = @10+ (51— 50)¢ — ¢y (30)
Dy = ¢hro— (51— So)¢/ — ¢ 3D
The phase shifts of the reference modal arms are then given by
*cos ®
O S p— ~— (32)

T sin®; —2¢'K, o

. Jcos P,
T sin®, ) +2¢'K;

2.1 — 20 = tan” (33)

Translational Motion with Singular Disturbance

The translational motion, also called swerve, is the motion of the
projectile c.g. Following McCoy,'° the free-flight swerve equation
with no appliedin-flight impulse can be written in complex notation
as

y' +iz' =Ci E—g (34)

in which y and z (not related to the ¥ and z unit vectors mentioned
earlier) are defined as

y=Y/d (35)

z=27/d (36)

The left-hand side is the lateral acceleration of the projectile c.g.
The right-hand side is the sum of aerodynamic and gravitational
forces divided by the projectile mass.

The equationcan be modified to include the appliedin-flight force
and moment impulses, giving

y'+iz =CiE+Ch —g (37)

The right-hand side now contains the applied translational distur-
bance Cy,,. Also, the functionalform of the complex angle of attack
on the right-hand side now contains the additional terms represent-
ing the angular effects of the applied impulses. For the singular
impulse model, the equation can be written as

V' +iZ' =CrE+FS(s—s)—¢g (38)

The solution to this differential equation can be written as
Fo=TFy+7y(s — o) +Fr + 7 (39)

The lateral displacement of the projectile c.g. is denoted here as 7
and written in complex notation as

F=(y—y,)+iz (40)

in which the gravity drop y, is removed from further consideration.
The gravity dropis discussedby both Murphy’ and McCoy!? and re-
mains unchangedfrom the free-flight case and is consideredknown.
Before the individual terms that comprise the lateral displacement
are addressed, note that the angular deviation, or jump, of the pro-
jectile from the pretrigger line of fire is traditionally related to the
lateral deviation by

0 =F/(s — o) 41)

The first two terms describing the projectile lateral motion, 7y and
7 (s — o), are initial conditions evaluated at s =s,. The term 7 is
the projectile c.g. lateral location at sy and is typically taken to be
zero, that is, the origin of the range coordinate system. The term
7(s — s9) is the lateral displacement of the projectile attributableto
its lateral velocity at sy, and this term’s contribution to the lateral
displacement is proportional to range, that is, a constant angular
deviation.

The third term is the nonaerodynamic component of the lateral
displacement attributable to the translational impulse and is de-
noted 7r. For the singularimpulse model, the term can be written as
follows, with r; and r, being dummy variables:

Fr = / / _7-1’1‘8(s — ;) dr; dr, (42)
so Yo

The term can be evaluated in the first interval as
Fr=(s— 51)-7‘~—1* (43)

Because the angular data can often be obtained more accurately in
testing than the translational data, a useful alternate expression for
Fr is obtained by substituting the relationship between the applied
translational and angular impulses, giving, in the first interval,

Fr=(s —s)J;k2d [ dp (44)

This term’s contribution to the projectile angular deviation at range
(s — sp) is denoted here as 6rand is given in radians as

~ Fr (s — 1) jl*ktzd
QT = =
(s — sp) (s —s9) dr

(45)

The fourth term, denoted 7, is the lateral displacement attributable
to all aerodynamic lift effects, that is,

;LZCZQ/ / édrldrz (46)
50 50

(

The lift terms, on carrying out the double integration, can be sepa-
rated into the sum of two specific complex terms, that is,

;L=;E+;A (47)

The epicyclic component of the swerve 7z can be algebraically
simplified and expressed in terms of the motion parameters and
aerodynamic coefficients in the first interval as

Fe =k (Cra/Cua) (§ — & — F7) (48)

The epicyclic component of the swerve is the only component that
fluctuates with respect to range. The magnitude of the epicyclic
componentfor the idealized projectile with small yaws of the current
study, however, remains on the order of the projectile diameter. For
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the large ranges being considered here, the epicyclic component is
not a significant contributor to lateral displacement,exceptin terms
of validating the analytical approach.

The remaining aerodynamic lift terms can be collected and
simplified in the first interval as

Fa = —k2(Cra/Cua)[(s — 508, + (s —sDNT7] (49

This term’s contribution to the projectile angular deviation at range
(s — s) is denoted here as 6,4 and is

- =—k2&[§0’+§: )

_ — 5
T (s —8) " Cue s —8g)

j’;} (50)

In Eq. (50), the contribution from the initial projectile angular rate
&, isrecognizableas the aecrodynamicjump as expressedby Murphy®
and McCoy'® for a nonspinning, statically stable projectile. The
expression demonstrates the equivalency that exists between the
angularimpulse imparted to the projectileby the gun and the angular
impulse imparted by the applied in-flight angular impulse. If the
applied angular impulse occurs close to the muzzle in comparison
to the target range, the expression can be approximated as

By = —k(Cra/ Cua) (8 + T7) 5D

Angular Motion with Finite Pulse Disturbance

If the applied lateral translational and angular disturbances are
modeled as finite pulse disturbances with nonzero duration, as de-
scribed earlier, then the equation of angular motion can be written
as

E"— ME = J/[h(s — s, + As)) — h(s — 51)]

— FN (s — 51 + Asy) — h'(s — 5)] (52)

The general solution, with the simplification that ¢’ =¢| , = —¢, ,
is

E = Ky gexp(idio) explid' (s — 50)]
+ K, 0 exp(igso) CXP[—UP/(S —50)]

—T1 [ @' (s — 51 + As){explig' (s — 51 + Asy)]
+exp[—i¢'(s — 51 4 As)] —2}— h(s — s){explid' (s — 51)]
+expl—ig'(s — s)] — 2D +iF [ Qd P (h(s — 51 + Asy)
X {expli¢’ (s — 51 + Asy)] — exp[—i¢'(s — 1 + Asp)]}

—h(s — s fexpligd’ (s — s1)] — exp[—ig'(s — s} (53)

The solution in the nth interval can be written in modal form as
E =K, exp(ig,) expli¢) (s — 5o)]

+ Ky exp(ihs,) expl—ig'(s — 50)] (54)

although this particular form does not apply within the subinter-
val itself. Whereas the modal form for the finite pulse model is
the same as for the singular disturbance model, the values of the
modal parameters themselves (with the exception of ¢') are dif-
ferent. The expressions relating the modal parameters of adjacent
intervals, however, are not needed to solve the swerve equation for
the finite pulse model and are not included here. It will be shown
that, for the conditions of interest here, the finite pulse model gives
only slightly modified expressionsas the singular disturbancemodel
for the projectile lateral motion.

Translational Motion with Finite Pulse Disturbance

The swerve equation for the finite pulse model can be written
as

y'+i7' = Czaé + (_7:"1‘/As1)[h(s — 51 + Asy)

—h(s—s)]—g (55)

The functional form of the complex angle of attack é on the right-
handside containsthe additionalterms representingthe effects of the
finite pulse disturbanceon the angularmotion, as already presented.
The solution can be written in the same form as for the singular
disturbance model, that is,

Fo=To+ (s — o) +Fr + 7L (56)

The terms 7, and 7;(s — s,) are unchanged from the singular dis-
turbance model. The nonaerodynamiccomponent of the lateral dis-
placement attributable to the translational impulse is now

~ K r -,F*
Fr = / / A‘Y [h(s — sy + Asy) — h(s — s1)]dr dr, (57)
so Y50 1

and is evaluated in the first interval as
Fr=(s —s)F + Las Fr (58)

The first term on the right-handside of Eq. (58) is identical to that
of the singular disturbance case. The second term is the difference
between the finite pulse and singular disturbance models for this
component of the swerve and is denoted A7y and given as

AFp = LAs Fr (59)

As in the singular disturbance case, the lateral displacement at-
tributable to aerodynamic lift 7; can be separated into components
7r and 7. The epicyclic swerve component 7 for the finite pulse
disturbance model differs slightly from that of the singular distur-
bance model. However, like the singular disturbance model, the
magnitude of 7 is still small and is still not considered to be a
significant contributor to the projectile angular deviation under the
current conditions.

Theremainingliftterms can be collectedand simplified to express
74 in the first interval as

Fa=—k2(Cro/Cua)[(s = 50)8) + (s = sNT T + LAs,.T7] (60)

which is the same as for the singular disturbance model but with an
additional term representing the difference between the finite pulse
and singular disturbance models for this component of the swerve.
The differenceis denoted A7, and given as

AFy = =1k (Cro/ Cya) As1 T (61)

Results

Idealized Finned Projectile

An idealized 120-mm finned projectile geometry is adopted to
compare the analyticalresults with those from a numerical trajectory
simulation code. Figure 4 shows the idealized projectile geometry
and Table 1 lists the defining parameters. The configurationis typical
of the current class of 120-mm armor-piercing, fin-stabilized, dis-
carding sabotkineticenergy ammunitionlaunched from the Abrams
M1AL1 tank.

The aerodynamic pitch-plane center of pressure is determined
from the prescribed values of pitching moment coefficient C, and
normal force coefficient C;,. Both coefficients are held constant at

LATERAL JET \

[¢] [ ]
NORMAL FORCE CENTER OF GRAVITY
CENTER OF PRESSURE
WITHOUT JET

Fig. 4 Idealized finned projectile and lateral pulse generator.



GUIDOS AND COOPER 389

Table 1 Idealized projectile and lateral pulse
generator properties

Property Value

Rod diameter d 0.0254m
Mass m 5.0kg
Length 0.8 m
Location of c.g. from base 0.5m
Transverse moment of inertia /; 0.2kg-m?
Pitching moment coefficient Cyyy —100 caliber/rad
Lift force coefficient Cp, 10/rad
Location of lateral jet relative to c.g. dp 0.2m

Table 2 Finite pulse disturbances for cases 2 and 3

Pulse parameter Case 2 Case 3
Force magnitude, N 100 100
Force orientation ¢y, deg 180 90
Range where impulse begins, m 984 984
Range where impulse ends, m 1000 1000
Duration, ms 10 10
Translational impulse, N - s 1 1

their launch values, as is the total velocity. The projectile is pre-
scribed to have a lateral impulse jet situated at an axial location that
would correspond to a location near the nose. As shown in Table 2,
the lateral impulse jet has a total impulse of 1 N -s (equivalent to
a 100-N force with a 10-ms duration), typical of an off-the-shelf
component.

Case 1: No Impulse

The numerical trajectory simulation code written by Costello'!
was used to generate trajectoriesto compare to the analyticalresults.
The numerical code uses a fourth-order Runge-Kutta method to in-
tegrate the equations of motion, limited to six degrees of freedomin
the present study. To produce consistency in the comparisons, two
aerodynamic conditions were enforced through the aerodynamic
inputs to the numerical code. First, the drag coefficient was speci-
fied to be zero. Second, the relationshipbetween the pitch-damping
coefficient Cy;, and the lift coefficient C,, was specified to be

Cyq = kCy, (62)

These two conditions produce the zero-damping condition implicit
in the analytical equation of angular motion by allowing the coeffi-
cientofthe &’ termto be zero. The relationshipsare easily recognized
in the discussions by both Murphy® and McCoy.'°

Many differentcases with varying launch conditionsand in-flight
lateral impulses were examined during the course of the study, but
the discussion here is limited to three illustrative cases, as sum-
marized in Tables 2 and 3. For all three cases to be presented, the
launch velocity is prescribed to be 1600 m/s (approximately Mach
4.7). The gun elevation is prescribed to be zero, that is, horizontal
to the ground. The projectile is prescribed to exit the gun with no
lateral translational rate relative to the pretrigger line of fire, that
is, the components of 7| are zero in both azimuth and elevation.
The pitch and yaw angles are prescribed to be zero at launch. The
projectile is nonspinning.

In case 1, no in-flight lateral impulse is applied. Although the
existing theory of epicyclic motion as described by Murphy® and
McCoy'" is adequate to model this case, some defining character-
istics of the projectile motion can be ascertained for comparison
to the subsequent cases. The initial angular rate is prescribed to be
5 rad/s, with the nose rotating directly upward. The angular motion
is planar and sinusoidal, occurring strictly in the vertical (8 =0)
plane. Figure 5 shows the numerical and analytical results for pitch
angle vs range from launch to 1-km range. The maximum pitch an-
gle is approximately 2.9 deg. Because no damping is used in either
the analytical or numerical models, the amplitude of the sinusoidal
motion remains constant throughoutthe flight.

Figure 6 shows the lateral displacement vs range from the nu-
merical and analytical methods for case 1 from launch to 3-km
range. Like the angular motion, the translational motion is planar,

Table 3 Launch conditions

Condition Value
Vo 1600 m/s
oo 0 deg
Bo 0 deg
(da/dp)g 0.5 rad/s
(dB/dt)o 0 rad/s
(dy/dt)o 0 m/s
(dz/dt)o 0 m/s
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Fig. 5 Pitch angle vs range, case 1.
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Fig. 6 Vertical displacement vs range, cases 1 and 2.

occurring strictly in the vertical (z =0) plane. The numerical and
analyticalresults for case 1 are indistinguishablein Fig. 6. The verti-
cal displacementfrom the two approachesis approximately 1.478 m
upward at 3-km range and the numerical and analytical approaches
differby less than 1 mm. The fluctuatingcomponentof the swerve is
seen to be small (on the order of a few centimeters) compared to the
total swerve, indicating that a good estimate of lateral displacement
can be obtained for large ranges even if the fluctuating component
is ignored. For short-range applications, as is common in testing
scenarios, the fluctuating component could be important.

Case 2: In-Plane Impulse

Case 2 is the same as case 1, except that the lateral jet is engaged
atsome locationin midflight. The orientationof the jetrelativeto the
ground is such that the jet releases upward, resulting in a downward
force applied to the projectile nose (that is, ¢; =180 deg). The
vertical impulse is, therefore, applied within the vertical plane of
motion to which the projectileis already adhering. In the numerical
case, the jet force is modeled as a finite pulse disturbance initiated
at 0.615 s into the flight (corresponding to 984-m range) with a
duration of 10 ms, that is, occurring over a range of approximately
16 m. Two analytical solutions were generated, the first using a
singulardisturbanceoccurringat 992-mrange, and the second using
a finite pulse disturbance as given in Table 2.

The vertical displacementobtained from the numerical approach
and the analytical approach having the singular disturbance is in-
cluded in Fig. 6, along with the result from case 1. The vertical
displacement is calculated using the analytical approach to be
1.029 m at 3-km range, almost 0.5 m below that of case 1. The
analytical and numerical results are indistinguishablein Fig. 6. The
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numerical results, as expected, were found to be sensitive to the
prescribed fixed time-step size because the Runge-Kutta integra-
tion scheme must numerically capture the applied force and mo-
ment discontinuities at #; and ¢ — Af;. A numerical time step of
0.25 ms yielded a vertical displacement that differed from the ana-
lytical calculation having a singular disturbance by approximately
1 cm at 3-kmrange. When the numerical time step size is decreased
to 0.025 ms, the difference of vertical displacement between the
numerical and analytical approaches was reduced to approximately
1 mm at 3-km range.

The analytical result generated using the finite pulse model were
virtually unchanged from the singular disturbance model. The dif-
ferencein the nonaerodynamiclateral displacementcomponent A7y
was calculated to be approximately 1 mm at 3-km range. The dif-
ference in the aerodynamic component A7, was calculated to be
approximately 0.13 mm. Both of these differences are indepen-
dent of range. It is concluded that, for case 2, the difference be-
tween the lateral displacement calculated by the singular impulse
model and the square impulse model is insignificant for this case.
A substantial increase in either the impulse magnitude or the im-
pulse duration would be required before the differences between
the singular impulse model and the square impulse model become
significant.

The analytical result of case 2 shows that the applied impulse
causes a lateral course correctionof 0.437 m downward from the un-
correctedflight of case 1. The translational, thatis, nonaerodynamic
component provides 56% of the lateral course correction, whereas
the angular, thatis, aerodynamic,component provides the remaining
44%, illustrating the importance of including aerodynamic effects
when considering the effect of lateral impulses.

Figure 7 shows the pitch angle as a function of range for cases
1 and 2 as obtained from the analytical and numerical approaches.
Figure 7 shows the detailed behavior of the pitch angle at and near
the range at which the lateral jet impulse is applied. Although no
strict quantitative characterization is made between the analytical
and numericalresults,both the amplitude and phase of the sinusoidal
motions appear qualitatively correct to within the scale of the Fig. 7.
The applicationof the jet impulse producesa slight shiftin phase as
well as adecreaseof maximum pitchangle of approximately 0.5 deg.

In general, the change in maximum angle of attack produced
by the lateral jet can be positive or negative depending on where
in the yaw cycle the impulse is applied. The analytical approach
has the ability to characterize the pitching and yawing behavior in
closed form in this manner, although no further discussion is made
of this aspect at this time. Note that a more advanced application
of the analytical approach is the simultaneous control of lateral
displacement and angular behavior. Such an approach leads to the
design of guidance maneuvers that not only improve accuracy but
also reduce the in-flight maximum angle of attack.

Case 3: Out-of-Plane Impulse

Case 3 is the same as case 2 except that the orientation of the jet
is such that the jet releases to the gunner’s left, resulting in the pro-
jectile nose being forced to the gunner’s right, that is, ¢; =90 deg.
This is a horizontalimpulse is applied out of the plane of the existing
vertical motion. The resulting angular and translational motions are
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Fig. 7 Pitch angle vs range, cases 1 and 2.
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Fig. 10 Pitch and yaw angles vs range, case 3.

no longer limited to the vertical plane. Figure 8 shows the analytical
and numerical results of the vertical displacement for case 3. The
results are plotted with those from case 1, and all four lines are in-
distinguishable,demonstrating that the vertical translational motion
is decoupled from the horizontal impulsive disturbance.

Figure 9 shows the analytical and numerical results of horizontal
displacement for case 3, along with the results from case 1. Up-
range from the range at which the jet is initiated, the horizontal
displacementis zero for both cases. However, for case 3, the impulse
produces a horizontal displacement to the gunner’s right, whereas
the horizontal displacement for case 1 remains zero throughout the
flight. The horizontal displacement for case 3 is equal in magnitude
to the vertical course correction observed in case 2. Also, as in
case 2, the difference between the analytical and numerical result is
approximately 1 cm at 3-kmrange and is attributableto a numerical
integration error that is affected by the time-step size.

Finally, Fig. 10 shows the analytical and numerical results of the
angular motion for case 3. As in Fig. 9, Fig. 10 shows the detailed
behavior near the range at which the lateral jet impulse is applied.
The pitching motion is unaffected by the lateral jet; however, the
yawing motionis affected. Up-range of the range at which the lateral
jetis applied, the yaw angle is equal to zero. The impulse produces
yawing motion that reaches a maximum value greater than 0.5 deg.
The analyticaland numerical results qualitatively compare to within
the scaleof Fig. 10, and differencesare quantitativelysimilar to those
of case 2.
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Conclusions

An analytical approach for quantifying the effect of a simple
in-flight impulsive disturbance acting on a nonspinning finned pro-
jectile has been presented. The approach is based on the incorpo-
ration of a specific class of modeled applied lateral translational
and angular impulsive disturbances into the equations of projec-
tile free-flight motion. The modified equations were solved to ob-
tain the angular and translational motion of the projectile, and the
components of the translational motion were extracted.

A sample of results from the analytical model was compared
to results obtained from an existing numerical trajectory simula-
tion code. The lateral impulse simulated a constant magnitude, con-
stant direction, 1 N - s lateral jet impulse (100 N with a duration of
10 ms) located on the nose of the projectileand initiated at a range of
1 km. The calculated lateral displacement of the projectile, as well
as the componentsof the displacement, consistently agreed with the
numerical results to approximately 1 mm at 3-km range. The results
showed that the lateral jet force and moment disturbances produced
a lateral displacementof almost 0.5 m at 3-km range. The epicyclic
swerve componentwas found to be on the order of a few centimeters,
indicating that its importance was minimal for long-range applica-
tions but possibly significant for short-range applications.

Two differentanalyticalmodels for the applied disturbanceswere
presented: a singular disturbance model and a finite pulse distur-
bance model. For the impulse magnitude and duration of the pre-
scribed jet, insignificant differences were found between the two
models. It was concluded that a substantial increase in the magni-
tude and/or duration of the square wave impulse would be neces-
sary before the differencein lateral displacementobtained using the
square wave and singular impulse models would be significant.

The analytical model provides useful closed-form analytical so-
lutions to the equations of angular and translational motion for a
projectile acted on by this specific class of generalized impulsive
disturbances. Although the lengthy mathematics of the derivation
and solution procedures have been omitted here for brevity, the fi-
nal expressions are found to be simple and straightforward. The
simplicity of the expressions suggests that reduced computational
overhead for onboard course correction instrumentation may be ob-
tained. Furthermore, the approach has an application in the testing
and developmentof smart munitions, providinga framework for an-
alyzing and predicting free-flight motion of a projectile undergoing
applied course correction maneuvers.

The impulse model was presented here for nonspinning,statically
stable projectiles, neglecting pitch damping. Typically, finned pro-

jectiles are adequately damped and have low spin rates. The gener-
alization to include damping and spin is a straightforwardextension
of the current approach. In addition, the complete incorporation of
the translational impulse into the angular equations is desirable to
accommodate certain classes of larger impulsive disturbances. The
methodology is easily extended to include successive disturbances
to facilitate the modeling of highly complex motions and course
correction maneuvers.
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